Parasupersymmetric quantum mechanics is exploited to introduce a topological invariant associated with a pair of parameter dependent Fredholm (respectively elliptic differential) operators satisfying two compatibility conditions. An explicit algebraic expression for this topological invariant is provided. The latter identifies the parasupersymmetric topological invariant with the sum of the analytic (AtiyahSinger) indices of the corresponding operators.
Introduction
Perhaps one of the most intriguing aspects of supersymmetry is its relation with the Atiyah-Singer index theorem [1] . It was Witten [4] who first recognized this relation in the context of supersymmetric quantum mechanics (SQM). The subsequent developments in this direction have led to supersymmetric proofs of the index theorem [5] .
During the same period of development of supersymmetric proofs of the index theorem, i.e., mid 1980's, Rubakov and Spiridonov (R-S) [7] introduced their (p = 2)-parasupersymmetric quantum mechanics (PSQM). This involved a generalization of the superalgebra of SQM (see Eq. (6) below), namely the parasuperalgebra:
The defining parasuperalgebra (1), (2) have since been generalized to arbitrary order p > 2, by Khare [8] , and modified by Beckers and Debergh (B-D) [9] . B-D (p = 2)-parasuperalgebra is given by Eqs. (1) and
In a preceding article [10] , it is shown that a careful analysis of the defining parasuperalgebra (for both R-S and B-D types) provides important information on the degeneracy structure of the spectrum of the corresponding systems. In particular, postulating the existence of a parasupersymmetry involution (chirality) operator and supplementing (either of) the parasuperalgebra(s) with an additional relation expressing the Hamiltonian in terms of the parasupercharges, namely
one can show that the integer is a topological invariant. Furthermore, it is shown in [10] that ∆ (p=2) is a measure of parasupersymmetry breaking, i.e., the condition ∆ (p=2) = 0 implies the exactness of parasupersymmetry. In this respect, it is quite similar to the Witten index of supersymmetry. The purpose of the present letter is to explore the mathematical meaning of ∆ (p=2) . In section 2, a brief discussion of SQM is presented to demonstrate the motivation for the proceeding analysis of PSQM. In section 3, a derivation of the expression for ∆ (p=2) is offered and the main result of the letter is presented. Section 4 includes the concluding remarks.
SQM and the Index Theorem
The main ingredient of SQM which makes its relation with the index theory possible, is its simple degeneracy structure. More precisely, the degeneracy structure of the spectrum of any supersymmetric quantum mechanical system is determined using only the defining superalgebra:
and the properties of the supersymmetry involution (chirality) operator τ :
In Eqs. (6) and (7), Q stands for (one of) the generator(s) of supersymmetry, Q † is its adjoint, and H is the Hamiltonian. The chirality operator τ induces a double grading of the Hilbert space, H = H + ⊕ H − , where
The superalgebra (6) can be employed to show that the energy spectrum is nonnegative and that each positive energy state of definite chirality is accompanied with another state of the same energy and opposite chirality, [4, 10] . In this sense, one says that the positive energy levels are doubly degenerate.
Introducing the self-adjoint generators:
one rewrites the superalgebra (6) in the form:
In view of (12), one can use the eigenvalues E and q 1 = ± √ E of H and Q 1 , to label the states. Here we choose not to include any other quantum numbers. Their presence will not interfere with the arguments presented in this letter.
For each positive energy level (E > 0),the {|E, ± √ E } basis may be used to yield matrix representations of the relevant operators [10] . Let us denote by H E the eigenspace associated with the eigenvalue E, then
where σ i , i = 1, 2, 3, are Pauli matrices. Let us transform into a basis where τ and H are diagonal. In such a basis:
The fact that trace( τ | H E ) = 0 is the very reason for the topological invariance of the Witten index [4] : 
of the Hilbert space in which τ is (block-)diagonal. To obtain the representations of Q i (i = 1, 2), one appeals to Eqs. (14) and (15). These together with (17) suggest:
where 
In view of Eqs. (11), (23), and (24), the Hamiltonian takes the form:
The latter relation together with Eq. (18) and the identities:
lead to the desired result [4] , namely
for either of i = 1, 2. In fact, Witten chooses D 1 = D 2 to satisfy the compatibility conditions (21)-(24). If now one identifies H ± with abstract inner product (Hilbert) spaces Γ 1 and Γ 2 , and D i : Γ 1 → Γ 2 with two (parameter dependent) Fredholm operators, then Eq. (27) implies:
for both i = 1, 2. In particular, one can choose Γ a (a = 1, 2) to be spaces of smooth sections of a pair of complex Hermitian vector bundles E a and D i a pair of elliptic differential operators. Then, one has:
where by the Atiyah-Singer index, we mean the topological index introduced by Atiyah and Singer [3] . Eq. (29) is proven for twisted Dirac operators and other classical elliptic operators using the path integral techniques. The former result together with a result of K-theory lead to a proof of the general index theorem, [5, 6] .
Parasupersymmetric Topological Invariant
In Ref. [10] , a detailed analysis of both the R-S and the B-d (p = 2)-PSQM is presented. Here the relevant results are quoted without proof for brevity. Consider the R-S parasuperalgebra (1), (2) written in terms of the self-adjoint generators (9):
These relations together with Eq. (9) which takes the form:
and Eqs. (14)-(16) lead to the following results:
1) The spectrum is non-negative.
2) Every parafermionic positive energy state is accompanied with a pair of parabosonic states of the same energy. 1 Here one also uses the assumption that the involution operator τ is independent of the details of the dynamics, i.e., the Hamiltonian. See [10] for more details.
3) In a basis which diagonalizes both H and Q 1 , one has the following representations for Q 1 , Q 2 , τ , and H Switching to a basis which diagonalizes τ and H, one has:
4) In view of Eq. (36), Q 1 , Q 2 , and H also satisfy the B-D (p = 2)-superalgebra (3), and consequently the following simpler set of relations:
Items (1) and (2) imply the topological invariance of ∆ (p=2) of Eq. (5). The argument is identical with the one presented for verifying topological invariance of the Witten index. Namely, under a continuous deformation of the parasupersymmetric system the energy levels may move arbitrarily but continuously. In this process some of the positive energy states may collapse to the zero level or some zero-energy states may elevate to positive energies. However, these are only possible if the degeneracy structure is preserved. This constraint implies invariance of ∆ (p=2) of Eq. (5) under the deformation. The latter is also implicit in the form of the representation of τ for positive energy levels as depicted in Eq. (37).
Furthermore, item (3) may be employed to obtain an algebraic expression for the topological invariant. In order to derive such an expression, first consider the following representation of the Hilbert space:
In view of the constructions (20) and Eqs. (37), we propose:
Imposing Eq. (45) on (35) leads to considerable simplifications in the form of the Hamiltonian. One finds:
In view of (45) and (46), Eqs (41) and (42) also are satisfied as identities. Finally, using Eq. (46), one can easily derive the desired expression for ∆ (p=2) :
Here we have employed the following identifications:
In Eqs. (48) and (49) 
Eq. (51) provides the desired mathematical interpretation for the parasupersymmetric topological invariant considered in this letter.
Conclusion
We conclude this letter by remarking that the introduction of ∆ (p=2) directly depended on the choice of the Hamiltonian, i.e., Eq. (35). One may try to investigate other possible forms of the Hamiltonian which are compatible with the defining parasuperalgebras of (p = 2)-PSQM, and even attempt to classify the corresponding systems and their topological invariants. Another possible direction of further research is to investigate the topological aspects of PSQM of orders: p > 2.
